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This paper presents a hybrid stress approach for the analysis of laminated composite plates. The plate mechanical
model is based on the so called First-order Shear Deformation Theory, rationally deduced from the parent three-dimen-
sional theory. Within this framework, a new quadrilateral four-node ﬁnite element is developed from a hybrid stress for-
mulation involving, as primary variables, compatible displacements and elementwise equilibrated stress resultants. The
element is designed to be simple, stable and locking-free. The displacement interpolation is enhanced by linking the trans-
verse displacement to the nodal rotations and a suitable approximation for stress resultants is selected, ruled by the min-
imum number of parameters. The transverse stresses through the laminate thickness are reconstructed a posteriori by
simply using three-dimensional equilibrium. To improve the results, the stress resultants entering the reconstruction pro-
cess are ﬁrst recovered using a superconvergent patch-based procedure called Recovery by Compatibility in Patches, that is
properly extended here for laminated plates. This preliminary recovery is very eﬃcient from the computational point of
view and generally useful either to accurately evaluate the stress resultants or to estimate the discretization error. Indeed,
in the present context, it plays also a key role in eﬀectively predicting the shear stress proﬁles, since it guarantees the global
convergence of the whole reconstruction strategy, that does not need any correction to accommodate equilibrium defects.
Actually, this strategy can be adopted together with any plate ﬁnite element. Numerical testing demonstrates the excellent
performance of both the ﬁnite element and the reconstruction strategy.
 2007 Elsevier Ltd. All rights reserved.
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Laminates are nowadays widely used in many diﬀerent structural applications because of the low weight
and high strength properties. Such structures, however, exhibit a complex behavior including anisotropy,
bending-extension coupling and signiﬁcant shear deformations. For these reasons, developing theoretical
and numerical tools for the analysis of laminated composites is an active research topic.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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reﬁned zig-zag and layerwise theories (see, for example, Carrera, 2002; Carvelli and Savoia, 1997; Ghugal and
Shimpi, 2002; Reddy, 1997). A historical review on the origins and development of zig-zag theories has been
presented by Carrera (2003). Among the many available laminate theories, the First-order Shear Deformation
Theory (FSDT) is usually considered a good compromise between accuracy and computational eﬃciency. It
must be noted, however, that in FSDT transverse shear deformation eﬀects are accounted for in a simpliﬁed
manner while transverse normal eﬀects, which could be also signiﬁcant for thick laminates (see, Carrera,
1999), are completely neglected. Transverse shear eﬀects can indeed be adjusted by introducing the shear cor-
rection factors, which cannot in general be determined a priori apart from very special cases (Laitinen et al.,
1995). Another well known diﬃculty is the accurate evaluation of the transverse stress proﬁles. This issue is of
crucial importance for laminates, since transverse stresses are responsible for typical failure phenomena such
as delamination. Moreover, accurate through the thickness shear stress proﬁles are necessary to improve the
plate response by correcting a posteriori the values initially assumed for the shear correction factors and, then,
carrying out a new analysis. In this way an iterative strategy can be established based on a predictor–corrector
scheme, as suggested by Noor et al. (1990) and Auricchio and Sacco (1999a).
To tackle these issues in a rational way, the laminate theory should be established as descending from a
parent three-dimensional theory. In fact, within such a framework, the theoretical tools to pass from the
two-dimensional plate model to the three-dimensional continuum model are spontaneously available, such
as the deﬁnition of shear correction factors and the way to reconstruct the transverse stresses. Various papers
have been recently published on the rational deduction of plate and shell theories from the three-dimensional
elasticity (Bisegna and Sacco, 1997a,b; DiCarlo et al., 2001; Lembo and Podio-Guidugli, 1991, 2007; Teresi
and Tiero, 1997).
From the numerical point of view, several laminated plate ﬁnite elements were developed in the last decades
(see, among others, Alfano et al., 2001; Auricchio et al., 2001, 2006; Auricchio and Sacco, 1999a,b, 2003; Caz-
zani et al., 2005; Cen et al., 2002; Kim and Cho, 2007) based on FSDT. The basic features of a competitive
element are: simplicity, computational eﬃciency and accuracy. In particular, the element should not suﬀer
from shear locking or other pathologies, such as spurious kinematic modes or parasitic shear stresses. More-
over, it should be accompanied by an eﬀective procedure to evaluate the transverse stresses through the thick-
ness of the laminate. Based on these desirable features, Auricchio and Sacco (1999a) developed a four-node
mixed-enhanced laminated plate ﬁnite element, recently extended to treat monoclinic laminae (Auricchio
et al., 2006), and Alfano et al. (2001) generalized the well known MITC ﬁnite element to laminated composite
plates. Both the approaches were proposed in conjunction with a procedure to update the shear correction
factors and to reconstruct the transverse stress proﬁles, based on three-dimensional equilibrium. However,
in both the cases the reconstruction procedure needs to be corrected to properly account for the boundary
equilibrium conditions and the static equivalence with the shear forces. The same equilibrium defect aﬀects
also the procedures proposed by Noor et al. (1994) and Park and Kim (2003), both based on a superconver-
gent recovery of the in-plane stresses. A simpliﬁed reconstruction procedure was proposed by Rolfes and Roh-
wer (1997), based on assuming two cylindrical bending modes and neglecting the inﬂuence of membrane
forces. A comparative analysis of various models and techniques to evaluate out of plane stresses a priori
or a posteriori was carried out by Carrera (2000). Later, a hybrid enhanced elementwise post processing pro-
cedure was proposed by Cen et al. (2002) together with a new displacement based element and, more recently,
an enhanced ﬁrst-order theory allowing for through the thickness recovery of displacements and stresses was
developed by Kim and Cho (2007).
1.1. Outline of the paper
In this work, a hybrid stress approach is presented for the analysis of laminated composite plates based on
the First-order Shear Deformation Theory. Within this framework a new quadrilateral four-node ﬁnite ele-
ment for laminated plates with general monoclinic layers is developed. A hybrid stress formulation is adopted
by generalizing the one presented by de Miranda and Ubertini (2006) for single layer isotropic plates. The
transverse displacement approximation is enhanced via the so called linked interpolation, which includes
nodal rotation parameters through higher-order interpolation functions. An approximation which is a priori
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by the minimum number of parameters for element stability, which are eliminated at the element level. The
resulting element has four nodes, ﬁve degrees of freedom per node and involves only compatible displacement
functions. It is locking-free, passes all the patch tests and exhibits little sensitivity to geometric distortions.
Finally, it is readily implementable into existing ﬁnite element codes.
The transverse stress proﬁles are reconstructed based on the local equilibrium conditions. Unlike in the
papers by Auricchio and Sacco (1999a), Alfano et al. (2001) and Auricchio et al. (2006), no correction proce-
dures are needed to accommodate boundary equilibrium or static equivalence conditions, since the ﬁnite ele-
ment stress resultants satisfy a priori the plate equilibrium equations. The accuracy of the reconstructed shear
stresses obviously depends on the accuracy of the ﬁrst derivatives of the ﬁnite element stress resultants, which
enter the procedure. This is a crucial point of all the procedures based on local equilibrium, especially for low
order plate ﬁnite elements like the present one or those proposed by Auricchio and Sacco (1999a), Alfano et al.
(2001), Cen et al. (2002) and Auricchio et al. (2006), and could even lead to non-convergent results. To over-
come this diﬃculty, a patch-based superconvergent procedure is applied to recover the stress resultants by
locally post processing the ﬁnite element solution and these recovered values are then used to reconstruct
the transverse shear stresses, following the idea early proposed by Noor et al. (1994). In this paper, the recov-
ery is carried out by the procedure called Recovery by Compatibility in Patches (RCP) (Benedetti et al., 2006;
Ubertini, 2004), which has been recently extended to homogeneous plate structures (Castellazzi et al., 2006)
and is here established for laminates. Besides being simple, stable, robust and very eﬃcient from the compu-
tational point of view, it has been proved to be superconvergent in certain circumstances and, using patches
centered on an element instead of a node, yields recovered stress resultants which satisfy the plate equilibrium
equations. This is a key feature in this context since, as already mentioned, the reconstruction procedure can
be applied without any correction due to non-equilibrated terms. It is worth to notice that the entire recon-
struction process of transverse shear stresses is quite general and can be applied also to other laminated plate
ﬁnite elements. Once accurate transverse shear stresses are reconstructed, the third local equilibrium condition
can be used to compute the transverse normal stress proﬁle. Indeed, the accuracy of this second reconstruction
step depends on the accuracy of the ﬁrst derivatives of the transverse shear stresses. Some possible strategies to
further improve the quality of the resultant transverse normal stress are also discussed.
The paper is organized as follows. In Section 2, the FSDT equations are brieﬂy recalled and the reconstruc-
tion procedure for the transverse stresses is introduced. The laminated plate ﬁnite element is formulated in
Section 3 and the transverse stress recovery from the ﬁnite element solution is discussed in Section 4. Numer-
ical tests which show the eﬀectiveness of both the proposed element and the transverse shear stress recovery
procedure are presented in Section 5. Finally, some conclusions are drawn in Section 6.2. Laminated plate model
The laminated plate is modeled based on the First-order Shear Deformation Theory, viewed as a two-
dimensional theory deduced from a parent three-dimensional theory (DiCarlo et al., 2001; Lembo and
Podio-Guidugli, 1991, 2007; Teresi and Tiero, 1997). This allows to rationally justify the introduction of
the shear correction factors and the use of three-dimensional equilibrium equations for the reconstruction
strategy of transverse stresses.
Let us consider a ﬂat cylinder with cross-section X and constant thickness h (Fig. 1):C ¼ ðx1; x2; zÞ 2 R3 z 2  h
2
;
h
2
 
;
 ðx1; x2Þ 2 X  R2 : ð1Þ
The classical Reissner–Mindlin kinematic assumptions for shearable plates are applied to a multilayered struc-
ture and the displacement ﬁeld d is assumed as:d ¼ uþ zh
w
 
; ð2Þ
Fig. 1. Kinematic and static plate quantities.
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the ﬁber with respect to its undeformed conﬁguration.
Adopting the matrix notation and denoting by e and c the in-plane and transverse shear strain vectors, the
compatibility equations can be written as:e ¼ Dpuþ zDph ¼ lþ zv; ð3Þ
c ¼ Dswþ h; ð4Þwhere l are the membranal strains and v the curvatures. The diﬀerential operators Dp and Ds are deﬁned as
follows:Dp ¼
o=ox1 0
0 o=ox2
o=ox2 o=ox1
264
375 Ds ¼ o=ox1
o=ox2
 
: ð5ÞThe plate equilibrium equations can be obtained via the principle of virtual work in the form:DpN ¼ qx; DpMþ S ¼ c; DsS ¼ qz; ð6Þ
where N, M and S are the membranal stress resultants, the moments and the shear stress resultants, respec-
tively, qx, qz and c are the prescribed in-plane loads, transverse loads and distributed couples, respectively, and
the superscript * denotes the adjoint operator. Denoting by s and s the in-plane and transverse shear stress
vectors, the stress resultants are deﬁned byN ¼
Z h
2
h2
sdz; M ¼
Z h
2
h2
zsdz; S ¼
Z h
2
h2
sdz: ð7ÞFinally, the laminate constitutive equations are given by:N ¼ Cmlþ Cmbv; M ¼ Cmblþ Cbv; S ¼ Csc; ð8Þ
where the laminate stiﬀness matrices in the case of homogeneous laminae take the form:Cm ¼
Xn:layers
k
ðzk  zk1ÞCðkÞm ; Cmb ¼
1
2
Xn:layers
k
ðz2k  z2k1ÞCðkÞm ; ð9Þ
Cb ¼ 1
3
Xn:layers
k
ðz3k  z3k1ÞCðkÞm ; Cs ¼ j
Xn:layers
k
ðzk  zk1ÞCðkÞs : ð10ÞHere, zk and zk1 denote the top and bottom coordinates of the k-th lamina and the superscript (k) refers to
the lamina constitutive matrices:s ¼ CðkÞm e; s ¼ j CðkÞs c; ð11Þ
being j the matrix of the shear correction factors
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 
ð12Þand  the product component by component. For further convenience, the inverse relations are also
introduced:l ¼ FmNþ FmbM; v ¼ FmbNþ FbM; c ¼ FsS: ð13Þ
Notice that bending and extension are generally coupled.
The plate constitutive equations introduced above can be rationally deduced via mixed variational methods
(Teresi and Tiero, 1997), which permit also to evaluate the shear correction factors by focusing the attention
on the transverse shear term per unit area:Z h
2
h2
ðFðkÞs s cÞdsdz: ð14ÞThe transverse shear stresses s can be represented in the general forms ¼ ghðzÞ  Sðx1; x2Þ þ gpðx1; x2; zÞ; ð15Þ
where gh collects piecewise shape functions deﬁning the shear stress proﬁles in the thickness and vanishing on
the upper and lower faces and gp collects null average functions on the thickness, accounting for the actual
equilibrium conditions on the two faces. Notice that the shear proﬁles are not known a priori for composite
laminates and should be reconstructed a posteriori through three-dimensional equilibrium, as discussed in the
next section.
Substituting Eq. (15) into Eq. (14) and making it stationary with respect to S yieldsFsS cþ c0 ¼ 0; ð16Þ
which deﬁnes the transverse shear ﬂexibility response of the laminate, whereFs ¼ C1s ¼
Z h
2
h2
ðgh  ghÞ  FðkÞs dz; c0 ¼
Z h
2
h2
ðFðkÞs gpÞ  gh dz; ð17Þbeing  the dyadic product. Notice that the resulting plate conﬁguration is not natural, since c0 is in general
diﬀerent from zero. However, in practice, this term is generally not considered, as gp in Eq. (15) is set to zero
according to the classical FSDT stress hypothesis of null transverse shear stresses on the upper and lower
faces. This does not imply any variational crime since the above procedure is of mixed type and Eq. (15) is
not required to necessarily satisfy all the equilibrium conditions. A discussion on the inﬂuence of non-homo-
geneous conditions can be found in the paper by Carrera (2007).
Combining the last of Eq. (10) and ﬁrst of Eq. (17) it is possible to compute the shear correction factors,
once s has been reconstructed starting from the plate solution. Unfortunately, the solution itself depends on
the shear factors, so that their computation results in a non-linear problem. A successful strategy to tackle this
problem is to select some tentative values for the shear factors, for example those for homogeneous plates, and
use them to start an iterative predictor–corrector procedure, as suggested by Noor et al. (1990) and Auricchio
and Sacco (1999a).2.1. Reconstructing the transverse stresses
As it is well known, the solution of the FSDT plate model alone is not suﬃcient to accurately evaluate
three-dimensional transverse stresses. In particular, unacceptable layerwise constant transverse shear stresses
are obtained from the constitutive equations, while no information is given on the transverse normal stress.
Within the framework outlined in this section, however, the transverse quantities can be reconstructed a pos-
teriori by the three-dimensional equilibrium conditions:Dpsrzs bx ¼ 0; Dssrzrz  bz ¼ 0; ð18Þ
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continuity requirements and the static equivalence with shear S, the third of Eq. (7). In the above equations,
(bx, bz) is the prescribed body force and $z the derivative with respect to z. The resultant expression for the
transverse shear stresses s issðzÞ ¼ pðÞx þ
Z z
h2
ðDps bxÞdz; ð19Þwhere the in-plane stresses s are obtained from the solution of the plate problem:s ¼ CðkÞm ½ðFmNþ FmbMÞ þ zðFmbNþ FbMÞ: ð20Þ
Once the transverse shear stresses are reconstructed, the transverse normal stress rz can be determined byrzðzÞ ¼ pðÞz þ
Z z
h2
ðDss bzÞdz: ð21ÞIn the previous expressions, ðpðÞx ; pðÞz Þ is the surface traction on the laminate bottom face.
It can be proved that, if the stress resultants N, M and S satisfy the plate equilibrium equations, Eq. (6),
then the reconstructed transverse stresses automatically meet all the aforementioned conditions.
3. A hybrid stress ﬁnite element formulation
In this section a new ﬁnite element formulation for laminated plates is presented within the outlined frame-
work. The element is an extension to laminates of the 9bQ4 element recently proposed by de Miranda and
Ubertini (2006), reformulated to include the membrane-bending coupling typical of laminated plates. It is a
four-node element based on a hybrid stress formulation and designed to be simple and free of locking. In par-
ticular, the assumed stress approximation is chosen to be equilibrated within each element. This last feature,
besides being a key point of the element formulation, acquires a special importance in view of the reconstruc-
tion of the transverse stresses.
The hybrid stress functional PHY of the laminate descends from the Hellinger–Reissner functional by
assuming that N, M and S satisfy a priori the plate equilibrium equations:PHY ¼  1
2
Z
X
½NTðFmNþ FmbMÞ þMT FmbNþ FbMð Þ þ STFsSdX
þ
Z
oX
ðuTnTpNþ hTnTpMþ wnTs SÞdðoXÞ  bPext; ð22Þwhere bPext is the work done by external boundary loads, np and ns contain the components of the outward
normal to the boundary oX. This functional, involving both stress resultants and generalized displacements
as independent variables, is the variational support for the subsequent development of the ﬁnite element
scheme. Notice that in the discretized version of functional (22): (i) stress resultants are required to satisfy
the plate equilibrium equations within each element Xe and can be discontinuous across element boundaries
oXe, (ii) generalized displacements are active only on the element boundaries oXe and are required to be con-
tinuous across them.
3.1. Finite element assumptions
The element geometry is represented based on a four-node scheme. The local Cartesian coordinates (x1, x2)
and the natural coordinates (n, g) are shown in Fig. 2. For later convenience, a skew coordinate system ðn; gÞ is
introduced as follows:n ¼ nþ j2
j0
ng; g ¼ gþ j1
j0
ng; ð23Þwhere
Fig. 2. Coordinate systems for the plate element.
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a1i
a2i
a3i
264
375 ¼ 1
4
1 1 1 1
1 1 1 1
1 1 1 1
264
375
xi1
xi2
xi3
xi4
26664
37775; ð25Þbeing xij the local coordinates of the j-th corner.
In order to avoid locking, the displacement interpolation for w needs to be enriched with respect to that
used for h. For this reason, the interpolation for u and h is simply bilinear, ruled by the standard nodal degrees
of freedom qu and qh, while the interpolation for w, bilinear in the transverse nodal displacements qw, is
enriched with higher order functions ruled by the nodal rotations qh (linked interpolation):u ¼ Uqu h ¼ Uqh; w ¼ Uqw þ Lqh: ð26ÞThis allows to improve the interpolation for w without introducing additional kinematic degrees of freedom.
The matrix U collects the standard four-node shape functions, while the higher order part is deﬁned as follows:Lqh ¼ 
X4
i¼1
bLiliðh2ni  h1niÞ; ð27Þ
where li is the length of side i; h
1
ni and h
2
ni are the components of the rotation in the direction normal to side i at
its two ends, respectively, and bLi are edge bubble functions deﬁned as
bLi ¼ 1
16
ð1þ fi4nÞð1 fi2nÞð1þ fi1gÞð1 fi3gÞ; ð28Þwith fij = 1 if i5 j, zero otherwise. Note that the above interpolation leads to constant transverse shear strains
along each side of the element. However, this is generally not suﬃcient to remove locking due to interior
inconsistency and shear strains need to be accommodated in the element interior using, for example, internal
bubble functions (Auricchio et al., 2006; Auricchio and Sacco, 1999a). In the present formulation these addi-
tional degrees of freedom are not necessary, since the displacements actually play their role only on the ele-
ment boundaries.
The stress resultants are approximated independently on each element and such to satisfy the plate equilib-
rium equations pointwise within the element. Using the skew coordinates ðn; gÞ, membranal stress resultants N
are assumed as suggested by Yuan et al. (1993):N ¼
1 0 0 a211g a
2
31
n
0 1 0 a212g a
2
32
n
0 0 1 a11a12g a31a32n
264
375bm ð29Þand the moments M and shear stress resultants S as suggested by de Miranda and Ubertini (2006) for the
9bQ4 element:
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pointwise the plate equilibrium equations in the homogeneous form. According to de Miranda and Ubertini
(2006), the presence of ﬁeld loads can be taken into account by a particular solution (Np, Mp, Sp) of the plate
equilibrium equations (see Appendix A). It should be emphasized that the chosen approximation is optimal in
the sense that it involves the minimum number of b parameters while providing element stability, i.e. without
introducing any zero energy mode.
3.2. Finite element equations
Introducing the above assumptions into the hybrid stress functional (22) referred to the single element and
making it stationary yield the following discrete element equations:ð31Þwhere g are the terms due to the prescribed loads, h are the element nodal generalized forces and the matrices
involved are deﬁned in Appendix B. Observe that the equations are strongly coupled due to the coupling in the
stress resultants approximation, the linking on the displacement interpolation and the membrane-bending
coupled behavior of laminated plates.
The inner parameters b can be condensed out at the element level and the elemental equations take the stan-
dard form involving only nodal displacements:hu
hw
hh
264
375 ¼ Kuu Kuw KuhKTuw Kww Kwh
KTuh K
T
wh Khh
264
375 quqw
qh
264
375 fufw
fh
264
375: ð32ÞAs it can be immediately realized, this relation can be easily implemented into existing ﬁnite element codes.
Notice that, with respect to the mixed-enhanced ﬁnite element proposed by Auricchio and Sacco (1999a)
and Auricchio et al. (2006) and based on linked interpolation for transversal displacement, the present element
does not require internal bubble functions and enhanced incompatible modes, whose number depends on the
material response (5 + 8 · 3 for monoclinic layers). The greater simplicity reﬂects also on a higher computa-
tional eﬃciency, since only 14 inner parameters should be eliminated at the element level.
4. Recovery of stress resultants and transverse stresses
Once the solution of the plate problem is available the transverse stresses can be reconstructed through Eqs.
(19) and (21), with the in-plane stresses s computed by Eq. (20). It should be remarked that, diﬀerently from
other elements (Alfano et al., 2001; Auricchio et al., 2006; Auricchio and Sacco, 1999a), no correction needs to
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ibrated in the present case.
Indeed, accuracy of the resultant transverse stress proﬁles depends upon the derivatives of the moments and
membranal stress resultants, therefore a good approximation not only of the stress resultants but also of their
derivatives is crucial. Unfortunately this issue, as already noticed by Alfano et al. (2001), is not always guar-
anteed by low order plate ﬁnite elements and, in some cases, the reconstructed stress proﬁles may even not
converge as the ﬁnite element mesh tends to zero. Indeed it is well known that derivation of ﬁnite element
quantities deteriorates their accuracy. On the other hand, a satisfactory approximation of the transverse shear
stresses is also required to compute accurate values of the shear correction factors and, as a consequence, to
accurately predict the laminate response according to the predictor–corrector strategy outlined in Section 2.
To address this diﬃculty, a patch-based superconvergent recovery procedure is introduced to improve the
stress resultants obtained from the ﬁnite element solution. Then, the recovered stress resultants are used in
place of the ﬁnite element ones to reconstruct the transverse shear stresses (Eq. (19)). The reconstructed trans-
verse shear stresses can then be used in Eq. (21) to obtain the transverse normal stress. In order to apply the
reconstruction formulae without any modiﬁcation, the recovery procedure should provide improved stress
resultants which satisfy pointwise the plate equilibrium equations.4.1. Recovery of the stress resultants
The recovery procedure adopted is the so called Recovery by Compatibility in Patches (RCP), early pro-
posed by Ubertini (2004) and extended to homogeneous plates by Castellazzi et al. (2006). Here, this proce-
dure is further extended to laminated plates. The idea is to recover locally the stress resultants by minimizing
the complementary energy associated to a patch of elements, considered as a separate system, among an
assumed set of equilibrated ﬁelds. Hence, it substantially attempts to enhance equilibrium while relaxing com-
patibility. Here, it is applied in the version based on the element patch conﬁguration (Benedetti et al., 2006),
that is with patches deﬁned by an element (central element) and the union of elements surrounding it, as
shown by Fig. 3. The same patch conﬁguration was early adopted by Mohite and Upadhyay (2002) as the
support for a strain recovery procedure. The new solution computed over the patch is taken directly as the
recovered solution for the central element, with no need of any additional averaging process. In this way,
the recovered stress resultants on each element are simply obtained by forming the associated patch and apply-
ing the RCP procedure over it. Notice that the recovered solution is discontinuous across the elements but
satisﬁes pointwise the plate equilibrium equations within each element, as required to be used for the subse-
quent reconstruction procedure of transverse stresses.
To apply the recovery procedure, a new approximation for stress resultants over the patch is introduced:Nr
Mr
Sr
264
375 ¼ Praþ NpMp
Sp
264
375; ð33ÞFig. 3. Element patch for the RCP.
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unknown parameters and the last term is a particular solution of the plate equilibrium equations, which is
taken as equal to the one selected for the plate ﬁnite element formulation (see Appendix A).
In particular, the numerical results shown in the next section were obtained using an approximation ruled
by 14 a-parameters and based on linear polynomial expansions in terms of local coordinates (x1, x2) centered
on the patch:Nr
Mr
Sr
264
375 ¼
1 0 0 x2 0 0 0 0 0 0 0 0 0 0
0 1 0 0 x1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 x1 x2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 x1 x2 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 x1 x2
0 0 0 0 0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 1 0
266666666666664
377777777777775
a: ð34ÞAlternatively, a quadratic approximation can be selected if the second derivatives of the stress resultants are
required (see Section 4.3).
Then, the RCP minimization yields the following compatibility condition over each patch Xp:Z
Xp
dNrTðlr  lhÞ þ dMrTðvr  vhÞ þ dSrTðcr  chÞ	 
dXp ¼ 0 8ðdNr; dMr; dSrÞ; ð35Þ
where (lr, vr, cr) are the strain components obtained from the recovered stress resultants via the plate consti-
tutive equations and (lh, vh, ch) are the strain components resulting from the ﬁnite element solution. They
could be computed from either the assumed ﬁnite element displacements, via the plate compatibility equa-
tions, or the assumed ﬁnite element stress resultants, via the plate constitutive equations. These two possibil-
ities oﬀered by mixed ﬁnite elements have been explored by Castellazzi et al. (2006). Here, the ﬁrst alternative
based on the ﬁnite element kinematics is adopted.
Substituting Eq. (33) into Eq. (35) leads to a system of linear algebraic equations, whose solution permits to
determine parameters a and, hence, the recovered stress resultants over the central element of the patch:Ha ¼ g; ð36Þ
whereH ¼
Xnep
j¼1
Z
Xj
PrT
Fm Fmb 0
Fb 0
sym Fs
2664
3775PrdX; ð37Þ
g ¼
Xnep
j¼1
Z
Xj
PrT
DpUuqu  FmNp  FmbMp
DpUhqh  FmbNp  FbMp
DsUwqw þ ðDsLþUhÞqh  FsSp
2664
3775dX; ð38Þbeing nep the number of elements in the patch and Xj the domain of the general element of the patch.
It should be remarked that the outlined procedure is very simple, easily implementable into existing codes,
unconditionally stable and computationally eﬃcient. In particular, diﬀerently from the procedure proposed by
Alfano et al. (2001) for MITC elements, which is an L2 projection over the entire domain, it is a minimum
condition over small patches of elements with an extremely low computational cost. Moreover, the RCP pro-
cedure has been proved to be truly superconvergent on certain regular mesh patterns but, anyway, extremely
robust on general mesh patterns (Benedetti et al., 2006), with an almost optimal rate of convergence. In the
present case, the rate of convergence expected for the recovered stress resultants is about two in energy norm
(one order higher than the ﬁnite element stress resultants).
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The higher convergence rate of the recovered stress resultants is expected to ensure convergence of their ﬁrst
derivatives in the element interior and, as a consequence, convergence of the subsequent reconstruction pro-
cedure of transverse shear stresses:sðzÞ ¼ pðÞx þ
Z z
h2
fDpCðkÞm ½ðFmNr þ FmbMrÞ þ zðFmbNr þ FbMrÞ  bxgdz; ð39Þwhere the in-plane stresses are computed from Eq. (20) using the recovered stress resultants. It should be
emphasized that the whole procedure based on RCP recovery and shear stresses reconstruction is quite general
and can be successfully applied also to other laminate ﬁnite elements, without any modiﬁcation or adjustment.
The outlined strategy diﬀers from the one proposed by Noor et al. (1994) for the assumed recovery technique
and patch conﬁguration, which guarantees local equilibrium. On the other hand, it is similar to the one pro-
posed by Cen et al. (2002), but the present recovery works on patches instead of simple elements and this is the
feature which actually guarantees robustness and superconvergence. Another similar proposal called weak
form of Hooke’s law and operating on single elements instead of patches was devised by Carrera (2000) based
on a partial mixed formulation.
4.3. Reconstruction of the transverse normal stress
Once accurate transverse shear stress proﬁles have been obtained, they can be used in Eq. (21) to evaluate
the transverse normal stress. As already mentioned, the whole procedure is statically admissible, so that the
resultant transverse normal stress automatically satisﬁes both the boundary equilibrium conditions. It should
be remarked, however, that the reconstruction accuracy depends on the ﬁrst derivatives of the transverse shear
stresses with respect to the in-plane coordinates, as they enter Eq. (21), and consequently on the second deriv-
atives of the stress resultants. For this reason, the RCP recovery should be carried out using at least a qua-
dratic stress approximation. With this consideration, the quality of the predicted proﬁles is generally
satisfactory at the center of the elements, but tends to deteriorate for thick laminates while moving towards
the element boundaries. Indeed, even with a quadratic stress approximation, the proposed recovery procedure,
as well as most of the available superconvergent recovery procedures, is not designed to guarantee a priori
convergence of second derivatives everywhere within the element. For this reason, accurate transverse normal
stresses are not a priori guaranteed everywhere within the element by using the recovered shear stresses com-
puted according to the previous section. However, in the authors’ experience, the resultant proﬁles are accu-
rate enough for a preliminary evaluation of thick laminate response. Note that, diﬀerently from the transverse
shear stresses which are needed also to evaluate the shear correction factors, the transverse normal stress does
not inﬂuence at all the plate solution.
Two diﬀerent strategies can be devised to further enhance accuracy of the transverse normal stress and
guarantee its convergence in any case (see the paper by Vallet et al. (2007) for some details on Hessian recovery
techniques). The ﬁrst strategy is to apply a second superconvergent recovery procedure, inspired by the RCP
procedure, to improve transverse shear stresses before reconstructing the transverse normal stress using three-
dimensional equilibrium. Diﬀerently from the second regularization proposed by Alfano et al. (2001), the pro-
cedure should be patch-based and should preserve equilibrium. The second strategy is to properly modify the
outlined recovery procedure of the stress resultants by using larger patches, so to ensure convergence of second
derivatives. Both the strategies are promising but they are still under investigation. Thus, only the numerical
results on transverse shear stresses are discussed in the next section.
5. Numerical tests
In this section, some numerical tests are carried out in order to investigate the performance of the proposed
laminate ﬁnite element (HQ4) and the transverse shear stress reconstruction procedure.
A simply supported square plate of side L (Fig. 4) is considered under both uniform and sinusoidal load,
with maximum intensity q. The side to thickness ratio of the laminate is L/h = 10. Two diﬀerent stacking
F. Daghia et al. / International Journal of Solids and Structures 45 (2008) 1766–1787 1777sequences are analyzed: a symmetric (0/90/0) laminate and an antisymmetric (0/90) one. Due to the in-plane
double symmetry, only one quarter of the plate is studied. The regular and distorted mesh patterns used in the
analyses are shown in Fig. 5.
The lamina mechanical properties are the following:Ea ¼ 25Eb; mab ¼ 0:25; Gac ¼ Gab ¼ 0:5Eb; Gbc ¼ 0:2Eb; ð40Þwhere (a, b, c) denote the lamina material directions. The shear correction factors are computed by assuming
cylindrical bending (Laitinen et al., 1995) and are considered as constant (that is they are not updated using
the recovered shear stress proﬁles): j11 = 235445/404004, j22 = 289/360, j12 = 0 for the (0/90/0) laminate,
j11 = j22 = 297680/362481 and j12 = 0 for the (0/90) laminate.
The reference solution have been computed according to Reddy (1997).5.1. Finite element performance
The ﬁrst set of results concerns the performance of the proposed ﬁnite element HQ4. Global and local con-
vergence properties are discussed for both the load cases and both the stacking sequences, using regular and
distorted meshes. In the uniform load case, the results are compared with those predicted by the MITC lam-
inated plate element, implemented in the commercial software ADINA.
Fig. 6 shows the convergence in energy norm in the case of sinusoidal load for the two diﬀerent stacking
sequences, with N denoting the number of elements per side. As it can be observed an optimal behavior is
experienced with a very low sensitivity to geometry distortions. To evidence pointwise convergence properties,
Figs. 7 and 8 show the transverse displacement w in the plate center (point A in Fig. 4) and the in-plane dis-
placement u1 at point B, respectively. Note that the in-plane displacements are diﬀerent from zero in the (0/90)
antisymmetric laminate because of the membrane-bending coupling. In addition, Figs. 9 and 10 show the con-
vergence of the generalized stresses at point C under uniform load for the symmetric and the antisymmetric
case, respectively. Finally, Tables 1–4 report some results predicted by the present element and ADINA. The
quantities are rendered dimensionless as follows:Fig. 5. Regular and distorted mesh patterns.
Fig. 4. Simply supported square plate.
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qhðL=hÞ4 ; u ¼ u
100E2
qhðL=hÞ4 ; ð41Þ
N ¼ N 100
qhðL=hÞ2 ; M ¼M
100
qh2ðL=hÞ2 ; S ¼ S
100
qhðL=hÞ : ð42ÞAs it can be noted, a superconvergent behavior is observed for the stress resultants at point C, using either
HQ4 or ADINA. Indeed, the convergence rate obtained elsewhere is one, as expected (see for example Figs.
12 and 13 for convergence at point D).
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Table 1
Transverse displacement w at point A for simply supported (0/90/0) laminate subjected to uniform load
Ref. sol. Reddy (1997) 1.16754
Mesh 3 · 3 9 · 9 27 · 27
HQ4, regular 1.17482 1.16831 1.16763
HQ4, distorted 1.17610 1.16853 1.16765
ADINA, regular 1.17282 1.16808 1.16760
ADINA, distorted 1.15553 1.16620 1.16739
Table 2
Transverse displacement w at point A and in-plane displacement u1 at point B for simply supported (0/90) laminate subjected to uniform
load
Ref. sol. Reddy (1997) w u1
1.95058 0.12940
Mesh 3 · 3 9 · 9 27 · 27 3 · 3 9 · 9 27 · 27
HQ4, regular 1.97191 1.95293 1.95084 0.13285 0.12978 0.12944
HQ4, distorted 1.96109 1.95227 1.95077 0.13147 0.12968 0.12943
ADINA, regular 1.92668 1.94807 1.95030 0.12836 0.12929 0.12939
ADINA, distorted 1.88549 1.94390 1.94983 0.12683 0.12915 0.12937
1780 F. Daghia et al. / International Journal of Solids and Structures 45 (2008) 1766–1787All these results show that the performance of the HQ4 element is comparable with that of the MITC ele-
ment from both the point of view of accuracy and convergence rate. However, the proposed element tends to
be less sensitive to mesh distortions and more accurate in terms of stress resultants.
Table 3
Stress resultants at point C for simply supported (0/90/0) laminate subjected to uniform load
Ref. sol. Reddy (1997) S1 S2
18.9515 1.12587
Mesh 3 · 3 9 · 9 27 · 27 3 · 3 9 · 9 27 · 27
HQ4, regular 18.7782 18.9311 18.9492 1.23522 1.13633 1.12704
HQ4, distorted 18.7426 18.9063 18.9486 0.99111 1.10086 1.12529
ADINA, regular 18.3930 18.8925 18.9450 1.16665 1.12802 1.12610
ADINA, distorted 19.0768 18.8650 18.9346 1.68125 1.21503 1.13727
M1 M2
7.01608 1.14959
Mesh 3 · 3 9 · 9 27 · 27 3 · 3 9 · 9 27 · 27
HQ4, regular 6.92084 7.00641 7.01501 1.16411 1.15150 1.14981
HQ4, distorted 6.96898 7.01050 7.01388 1.13975 1.14901 1.14953
ADINA, regular 6.59260 6.96909 7.01086 1.11246 1.14565 1.14916
ADINA, distorted 6.44039 6.92332 7.00380 1.15971 1.15100 1.14976
Ref. sol. Reddy (1997) M12
0.31692
3 · 3 9 · 9 27 · 27
HQ4, regular 0.31562 0.31661 0.31689
HQ4, distorted 0.28380 0.31456 0.31671
ADINA, regular 0.31968 0.31742 0.31698
ADINA, distorted 0.24488 0.30914 0.31610
Table 4
Stress resultants at point C for simply supported (0/90) laminate subjected to uniform load
Ref. sol. Reddy (1997) N1 ¼ N2 S1 ¼ S2
0.01910 9.71082
Mesh 3 · 3 9 · 9 27 · 27 3 · 3 9 · 9 27 · 27
HQ4, regular .03235 .02001 .01920 9.73822 9.70950 9.71064
HQ4, distorted .01035 .01967 .01774 9.13132 9.62003 9.70547
ADINA, regular .07579 .02437 .01968 9.59597 9.69853 9.70948
ADINA, distorted .17646 .05685 .02435 10.20210 9.67910 9.70421
M1 ¼ M2 M12
3.67599  0.66318
Mesh 3 · 3 9 · 9 27 · 27 3 · 3 9 · 9 27 · 27
HQ4, regular 3.65353 3.67387 3.67575 0.65847 0.66253 0.66311
HQ4, distorted 3.56463 3.66430 3.67427 0.58042 0.65794 0.66264
ADINA, regular 3.49680 3.65598 3.67377 0.64660 0.66156 0.66300
ADINA, distorted 3.38096 3.63580 3.67138 0.54975 0.64927 0.66174
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The second part of the numerical investigation concerns the whole procedure proposed to reconstruct
transverse shear stresses from RCP recovery and three-dimensional equilibrium.
The ﬁrst set of graphs highlights the key role of the RCP procedure in this context. Fig. 11 shows the con-
vergence in energy norm of the shear stress proﬁles reconstructed using directly the ﬁnite element in-plane
stresses or those recovered by RCP. The sinusoidal load case is considered with both the stacking sequences.
The reference solution for the shear stress proﬁles is that obtained from the continuum FSDT, using the same
shear correction factors.
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1782 F. Daghia et al. / International Journal of Solids and Structures 45 (2008) 1766–1787The plots of Fig. 11 reveal that the reconstruction procedure used with the ﬁnite element results does not
converge globally, although it may converge at some special points. On the contrary, using the RCP recovery
the reconstructed shear stress proﬁles globally converge at an optimal rate. This anomalous behavior is due to
the low convergence rate of the ﬁnite element stress resultants, that is generally one as shown by Figs. 12 and
13, exception done for some special points, such as the center of the element, where occasionally it may be two,
as shown by Figs. 9 and 10. Note that point D in Figs. 12 and 13 coincides with a node in all the sequence of
reﬁned meshes. Moreover, since both ﬁnite element and recovered stress resultants are discontinuous across
elements, the values reported have been computed for the element having D as the top right-hand node. It
should be remarked that point D is a severe point for recovery procedures, since the error tends to concentrate
on the element boundaries. Nevertheless, RCP recovery signiﬁcantly improves the solution.
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plates and conﬁrm the superconvergence properties. In fact the recovered stress resultants, besides being
generally more accurate, exhibit a convergence rate of almost two everywhere and not only at the element cen-
ter. As a consequence, the RCP-based reconstructed shear stress proﬁles globally converge, as shown by
Fig. 11.
Figs. 14–17 show the dimensionless transverse shear stress proﬁles at point C for the two diﬀerent stacking
sequences and the sinusoidal load. The shear stress is rendered dimensionless as follows:Fig. 14
load.szs ¼ szs 100qðL=hÞ : ð43ÞIn the ﬁrst two ﬁgures, the proﬁles reconstructed by making use of RCP recovery are shown for three mesh
reﬁnements. As it can be observed, the proﬁles quickly converge to the reference solution. In Figs. 16 and 17,
on the other hand, the proﬁles predicted with or without recovery are illustrated for 9 · 9 meshes of regular
and distorted elements. Observing for example the results in terms of sz2 for the (0/90/0) laminate with the
distorted mesh (black dots in Fig. 16), it is evident that the shape of the proﬁle is very diﬀerent from the ref-
erence solution, although the shear stress resultant (represented by the area beneath the graph) is similar. This
conﬁrms that, while the value of the shear stress resultant is close to the exact one, the quality of the shear
stress proﬁles may be very poor unless the RCP recovery is employed. In this case, the shear stress proﬁles
are accurately captured even on coarse meshes.
To complete the experimental evaluation, Table 5 reports some results obtained by the present element and
reconstruction procedure in comparison with other First-Order ESL theories, presented in the paper by Car--8 -6 -4 -2 0
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1784 F. Daghia et al. / International Journal of Solids and Structures 45 (2008) 1766–1787rera and Demasi (2002). Here, ED1 is the classical FSDT, while the other acronyms represent theories in
which a zig-zag function (Z) has been introduced, or derived using a mixed variational approach (M) and
enforcing the interlaminar continuity conditions (C). The present results are obtained using a 5 · 5 element
mesh on one quarter of the plate, thus involving approximately the same computational cost of ED1 solution.
Table 5
Comparison with other ESL theories (Carrera and Demasi, 2002)
rx ry sxy sxz syz w
(a/2,a/2, ± h/2) (a/2,a/2, ± h/6) (0,0, ± h/2) (0,a/2,0) (a/2,0,0) (a/2,a/2,0)
3D 0.590 0.285 0.0289 0.357 0.1228 0.7530
0.590 0.288 0.0289
HQ4 0.5291 0.1827 0.0260 0.3422 0.1085 0.6319
0.5291 0.1827 0.0260
ED1 0.5113 0.2382 0.0055 0.1538 0.1117 0.6313
0.5096 0.2376 0.0055
EDZ1 0.5642 0.2762 0.0076 0.3777 0.1408 0.7417
0.5625 0.2757 0.0076
EMC1 0.5106 0.2411 0.0051 0.1979 0.0723 0.6449
0.5090 0.2406 0.0051
EMZC1 0.5674 0.2747 0.0077 0.3986 0.1546 0.7442
0.5658 0.2741 0.0077
F. Daghia et al. / International Journal of Solids and Structures 45 (2008) 1766–1787 1785Obviously, the computational cost of the other solutions is higher, since the underlying theories are richer. For
HQ4 the recovered stresses are reported in the table. The shear correction factor matrix is set to the identity.
As it can be seen, the present element yields results that compare well to the other First-Order ESL theories
reported in Table 5. In particular, the values of the transverse shear stresses are more accurate than the ones
obtained with the classical FSDT and comparable with those obtained by zig-zag enhancement.6. Conclusions
A hybrid stress approach for laminated plates has been presented based on FSDT. In particular, a new
quadrilateral four-node laminated plate ﬁnite element has been developed, based on assumed compatible dis-
placements and equilibrating stress resultants within each element. The main features of the element are: sim-
plicity, accuracy (being free of any pathology and relatively insensitive to geometry distortions) and ease of
implementation into existing ﬁnite element codes. In addition, a patch-based procedure to recover the stress
resultants has been devised. It is numerically stable, computationally eﬃcient and superconvergent. Moreover,
it yields improved stress resultants which satisfy pointwise the plate equilibrium equations within each ele-
ment. Besides extremely useful as a tool to predict accurate stress resultants or to estimate the discretization
error (Castellazzi et al., 2006), the proposed recovery plays a key role in conjunction with the reconstruction
procedure of transverse stresses based on three-dimensional equilibrium. Indeed, the equilibrating nature of
the recovered stress resultants permits to use a very simple reconstruction procedure without any correction
due to equilibrium defects. Moreover, the superconvergence feature of the RCP recovery guarantees the global
convergence of the reconstruction procedure for transverse shear stresses, which otherwise is not guaranteed
for low order elements. The numerical tests show that interlaminar stresses are accurately captured even on
coarse and distorted meshes. It should be emphasized that the proposed RCP-based reconstruction strategy
of transverse shear stresses can be successfully adopted with other ﬁnite elements as well.Acknowledgments
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In the case of general loading ðqTx ¼ ½q1; q2; cT ¼ ½c1; c2; qzÞ, the particular solution (Np,Mp, Sp) can be cho-
sen asNp ¼
 R x1
0
q1 dx1
 R x20 q2 dx2
0
264
375; Mp ¼
R x1
0
ðS1p  c1Þdx1R x2
0 ðS2p  c2Þdx2
0
264
375; Sp ¼  1
2
R x1
0
qz dx1R x2
0
qz dx2
" #
: ðA:1ÞThis expression has been adopted for the numerical tests.
Appendix B
The matrices appearing in the ﬁnite element equations, Eq. (31), are the following:Hmm ¼
Z
X
PTmFmPmdX; H
mb
sm ¼
Z
X
PTmFmbPbsdX; H
mb
bm ¼
Z
X
PTmFmbPbdX; ðB:1Þ
Hss ¼
Z
X
PTs FsPsdX; H
b
s ¼
Z
X
PTbsFbPbsdX; H
b
bs ¼
Z
X
PTbsFbPbdX; ðB:2Þ
Hbb ¼
Z
X
PTbFbPbdX; ðGumÞT ¼
Z
oX
UTu n
T
pPmdðoXÞ; ðGws ÞT ¼
Z
oX
UTwn
T
s PsdðoXÞ; ðB:3Þ
ðGhbsÞT ¼
Z
oX
UTh n
T
pPbsdðoXÞ; ðGwhs ÞT ¼
Z
oX
LTnTs PsdðoXÞ; ðB:4Þ
ðGhbÞT ¼
Z
oX
UTh n
T
pPbdðoXÞ: ðB:5ÞReferences
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